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Abstract We compute the full spectrum and eigenstates of the Kalb-Ramond field in a warped non-compact 
Randall-Sundrum -type five-dimensional spacetime in which the ordinary four-dimensional braneworld is 
represented by a sine-Gordon soliton. This 3-brane solution is fully consistent with both the warped 
gravitational field and bulk dilaton configurations. In such a background we embed a bulk antisymmetric 
tensor field and obtain, after reduction, an infinite tower of normalizable Kaluza-Klein massive components 
along with a zero-mode. The low lying mass eigenstates of the Kalb-Ramond field may be related to the 
axion pseudoscalar. This yields phenomenological implications on the space of parameters, particularly on 
the dilaton coupling constant. Both analytical and numerical results are given. 



PACS. ll.lO.Kk. Field theories in higher dimensions 

1 Introduction Regarding standard gauge interactions, it is known 

that the electrovifeak excitations are deposited on D-branes 

^\ , Field theoretic scenarios derived from string theory bring 
\^ , by the open strings ending on them 2]. Thus, normalized 

- - - necessarily together the standard model degrees of free- 
standard model gauge modes are expected to be localized 

on topological defects of lovifcr dimensionality representing 

p-branes in a low energy setup [3,4 • On the same token, 

fermion fields have also been found to be localized on the 

brane, as expected (see e.g. [5]). 



dom and the gravitational field to interact in some higher 
dimensional bulk space-time. 

Extra dimensions have shown to be instrumental for 
solving fundamental problems such as the hierarchy gap 
between the gravitational and the gauge coupling scales 

leading to de Sitter (or de Sitter-like) geometries in four Besides the standard model fields and particles a series 

dimensions [T]. of entities not yet discovered are the expected residuals 
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left in quantum field theories emerging from a low en- vature) that modifies the electromagnetic field strength 
ergy string inception. Among these the dilaton is a scalar through the affine connection in the covariant derivative, 
field inevitably present along with the graviton. Moreover, Using a generalized form of the Einstein-Cartan (EC) ac- 
when gravitation is recovered from string theory, an anti- tion, it has been shown |12) that the third-rank field- 
symmetric tensor appears together with graviton and dila- strength tensor of the KR field, H^^p, can be directly 
ton in the Neveu-Schwarz bosonic sector of the low energy identified with torsion to guarantee gauge symmetry. lu- 
string effective action |5]. Therefore, to start, we will be terestingly, a parity violating term appears naturalljt^ if 
concerned with the low energy interaction of these three one considers a pseudotensorial extension of the affine con- 
fields plus a topological scalar representing our 3-brane nection. Such a parity breaking gravitational interaction 
world. emerges not only from a theoretical viewpoinlo but also 

n , ,. , . , -J ii T^ lu Ti J -c ij pti • from observation. For example, in [15] it has been shown 

Motivations to consider the Kalb-Ramond field [7j m a ' — ' 

^, . 1 , ,1 . i 11 Ti • 1 that a parity violating gravitation can flip the helicity of 

thick braneworld scenario are actually many. It is known f j o o r- j 

,,,.,, -i ■ 1 1 J i • -i fermions providing a possible explanation to this neutrino 

that since the graviton is a massless closed string excita- ^ t> t- t- 

^. .^ i 11 i i -11 ii 1 1 problem. Likewise, the anisotropy in the cosmic microwave 

tion it can naturally propagate at will across the whole "^ 

irn Ti i xi 1111 • 1 ■ ii 1 n background radiation might be explained by a parity vi- 

space [2j. But then, one should also consider m the bulk ^ o t- j t- j 

other fields related to closed strings. Two such degrees i ^^ ^^^^^^ ^^^ ^^^^ ^^^^^ ^^^^^1^ ^^^ p^^^^^^^ ^ ^ ^ 

of freedom are the above mentioned scalar dilaton and a gupersymmetry in the heterotic string theory the field strength 

second-rank antisymmetric tensor usually met in super- jj is augmented by suitable Chern-Simons terms A F. 

., ,, . m T ,11 • , , 1 • , ^ In the Einstein-Maxwell theory the electromagnetic field- 

gravity theories [8J. In extended supergravity this tensor, 

strength reduces to the fiat space expression for the symmetric 
associated with the Kalb-Ramond field, becomes a factual 

nature of the Christoffel connection |13] . When gravitation is 
component of the supergravity multiplet. Since massless 

described by the EC theory (a theory where the connection 
modes are expected to be the most relevant in the or- 

has an antisymmetric piece known as spacetime torsion) gauge 
dinary world, this sector of the low energy string theory 

symmetry is broken because torsion makes the electromagnetic 
is likely responsible for most observable effects in cosmic 

field-strength (defined as the generally covariant curl of a 4- 

phenomena W- Although not a standard model compo- 

vector potential A) no longer gauge invariant 14' . Since it is a 

nent, the KR field has been argued to be localized on the 

measurable quantity irrespective of the background geometry 

brane much in a similar way as the U(l) vector gauge field 

the Maxwell field would not be allowed to minimally couple 

to EC theory. However, when the spacetime torsion originates 
In the last decade, the KR field has been related to from a massless KR field with Chern-Simons terms added par- 
torsion, a geometric property of spacetime (such as cur- ity is violated but gauge invariance preserved [12]. 
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olating coupling of the electromagnetic field with a pseu- dimensional equations of motion for the KR field and dis- 

doscalar [16: , presumably the so-called axion. Indeed the cuss a few cases from a quantum- mechanical analog point 

dual scalar of the pscudotensor component of the connec- of view. Next, in Sect. H] we cope with the general problem 

tion discussed above can be identified with that particle. and compute spectra and eigenfunctions for generic values 

It is worth mentioning that a completely antisymmet- oi the parameters. In Sect. [5] we draw our conclusions, 
ric torsion, as provided by the KR field, can induce parity 

violation only in the matter (spin 1/2) sector but not in 2 The model 
the curvature or f/(l) gauge sector. This is traced to the 



We consider a 5D action where a bulk Kalb-Ramond field, 
Bnp, is coupled to the dilaton, 77, in a warped space-time 
defined by two metric functions (A and S) and a brane 
field <?: 



fact that such a tensor can always be expressed in terms 
of its dual field, the axion x, defined through the duality 
relation TJ^^^p = ^^ivpad'^X (the solution for x in A^-t space 
is linear in the comoving time) \ 17] . See [18j for early work 
relating the axion and the KR field (see also [H]). S = J d^xdyVC ^2M^R(^5^ - -{d^Y - 2^^^^^ 

In face of the above prospect, in the present paper — V(^,77) + t^ e HmnpH > . (1) 



we will assume a massless five-dimensional KR field along 
with gravity. However, since the breakdown of supersym- 
metry may result in the generation of mass for the axion, 
we will also consider a Kaluza-Klein mechanism to endow 
the KR field with mass in ordinary space. In this respect, 
it has been shown that dimensionally reduced U{1) gauge 



The tensor gauge field-strength is Hmnp — OmBnp + 
9pBmn + QnBpm, 7?(5) is the Ricci scalar, and M is 
the Planck mass in the bulk. As usual, we employ Latin 
capitals in 5D and Greek lower case letters in the four- 
dimensional slice. We adopt the following ansatz for the 
metric 



fields are not normalizable unless the effective coupling 2 ^ ^ /j^ ^ '^^iv)^ 2 /r)\ 

is modified by the dilaton [3D] so we shall dynamically 



include the massless dilaton in the curved background de- 
fined for the KR field. In other words, both brane and 
dilaton configurations will be geometrically consistent so- 
lutions of a two scalar world action in a warped 5D space- 
time. These configurations arise as topological kinks of a 
sine-Gordon type potential function. ^(<^')' + \{n'f - e^^(^)V(^, 77) = 2^M^{A')\ 



where G^, = e^^^vh^^, and diag(77) = (-1,1,1,1); G = 
— det Gmn ■ We will assume that all the scalar fields de- 
pend just on the fifth coordinate, y [3j. 

Considering the scalars back reaction on the metric, 
the equations of motion for 77, ^, A and S are 



The paper is organized as follows. The framework is 2^'^'f + 2^^'^^ + e^^^^^V(^, 77) = -12^7^71" 

presented in the next section. In Sect.[3]we study the five- -24M^(yl')^ + 12A7^yl'Z", (3) 
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and With this set of solutions the scalar action is finite 



^„ ,, ,, ^,, ^, oy dV provided A is above a critical value An = — f7/4v3M3 

<P" + (AA' - S'W ^e^^ ^—, ' 

/91; [in]- By means of the warping functions dH) and ©, the 

n" + {4:A' -S')n' = e^^ --. (4) 

effective four-dimensional Planck scale can be defined by 

where the prime means derivative with respect to y. „oo 

Ml, = M3 / dy e4^(^)+^(2') 
The potential functional V{'P,II) stems from a super- J -00 



gravity motivated definition [21] which can be applied to ~ ^J _ ^^2/ (sechy) (fO) 

non-supersymmetric systems. Based on a standard sine- ^i^ere C = f 7/1262. ^f^g^. integration, we obtain a (finite) 

Gordon potential, the functional V{<P) ^ b'^ {l-cos{b$)) close expression for the effective Planck scale as a function 

gets deformed in order to include the effects of the warped Qf f^^ 5J3 pianck scale 

metric and the dilaton. The final expression ,Af r( c \ 

^ V2 



2 ,,& TT, "- \2^ 2M 



V(<?,7T) = eW^^^) (^sin2(- <!>-,-) 

" z z By studying the fluctuations of the metric about the 

5 2,b 



2APb'^ *^°^ 2 2/' background configuration, eqs.dH)-®, it is possible to see 

is found after some algebra by looking for the consistency that this model supports a normalizable massless gravi- 

of the equations of motion © and © [lU] and symmetriz- ton (zero-mode of the gravitational field) localized on the 

ing the bounce eq.® with respect to y = 0. The solutions membrane (3J. 

to the equations for <P and U represent the braneworld and 

the dilaton final configurations respectively. They are con- 3 Field equations of the KR field 

sistent altogether with the metric functions A and S. In- 

Since the axion field is supposed to be extremely diluted 

deed, the following solution, interpolating vacua and kink- 
in space it is likely that the Kalb-Ramond field would not 

contribute significantly to the geometrical background. In- 



ing on our 4D-world slice 



4 TT 

^~T (arctan ^ ~ t) (6) deed, in a Randall-Simdrum scenario it has been explicitly 

is compatible with a dilaton configuration ^^^"^'^ that the Kalb-Ramond energy density has only a 

^ tiny value ^ 10^^^ [5^_ Thus, we can safely study the 

11——^^=^ — In cosh y, (7) 

V 3Af 6 behavior of propagating modes in the topological back- 

in a gravitational field given by ^^^^^^ configuration above found. 

y[ — \yy cosh y (8) The equations of motion for Bmn in the bulk are given 



by 



and 

S = -—L- Incoshy. (9) ^ dMiG^'^C'^'G^^ HasQ^e->^"^y^) = 0. (12) 
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In order to solve these equations, we adopt the foUowing With the choice 36Af ^ b^ = 1 eq. pT]) can be written as 

gauge choices 



w'J^{y) + c ta.nh y wl^{y)+m,^ sech ywn{y)=0, (18) 



B^^ = 0, a,B'"' = 0. 



(13) 



where c — — 3(15 + 4AvoM^). For simphcity, we drop the 
Next, we perform the usual Kaluza-Klein decomposition subindexes of the propagation modes in what follows. We 
as follows will solve this equation exactly in what follows. 

B^'^{x,y)=Y,K''i^)^n{y) (14) 

n 

yielding 



3.1 Special cases 



a+[^—d5{gd''wn) 

Wn g 



6r = 



(15) 



By means of the transformation 



with g{y) = e^^+^ exp[— AiT] . The Kaluza-Klein spectrum 

of the Kalb-Ramond field is then given by we can turn eq.((T7l) into 



«;(y)=e-"^W^(z), l^^e^/4 



dz 
dy 



(19) 



[<?-ia5595 + m2]u;„ = 0. 



(16) 



-S+^(^) 



W{z) =m^W{z), 



(20) 



where rn^ is the 4D squared boson mass of the tensor where 23(z) — ae ^'^[A" + {a — j) A' ^) and a = 2 + 
field nth-mode, satisfying Pn = ~ 



Operating further, Av3M^/2, which is a Schrodinger-like equation in the 



the 2/-dependent equation reads 



6M^^w'^{y) ~ (15/2 -I- 2AV3M3) tanhy w'Jy) + 

ml6M%^ sech^/s*^'^' y Wn{y) - 0, (17) 

where the prime means d/dy. 

In contrast to Ref. [T^, here we adopt a different re- 
lation between the fundamental parameters M and b in 
order to analyze a new equation of motion for the gauge 
field. Now, the last term of eq. pT)) involves the function 
sech^ y instead of sech^ y that was considered in 10 . This, 
together with a different constant factor in the two last 
terms, imposes the necessity of solving a new differen- 
tial equation which brings about different spectra and the 
eigenfunctions associated. 



variable z e (—1, 1) (see e.g. [I1I3])- 
In the present case we obtain 



y 1 

z{y) = arctan(tanh — ) H — sechj/tanhy, (21) 



w{y) = cosK^yW{z), 



(22) 



and 



2J(z(y)) = -7Cosh^y [1 + (3 - 7) sinh'y] , 



(23) 



where 7 = 12 a and c = 3 — 27. Both the change of vari- 
ables (PT|) . (1^^ and the potential function (P^ are com- 
pletely different from those in [10] . In the present case the 
solution is more difficult, but although we cannot analyti- 
cally invert eq. (j2ip , we can do it numerically and compute 
9J(y(z)) for several values of 7, see FiglT] 
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3.1.1 The case 7=0 (c = 3) 



and 



n(2)^A - 



26^ 



In this case, the potential function ((23|) seems trivial, but 
in fact, for z ~ ±1: /A we have y — >■ ±00 and therefore 
solutions to cq. ([20]) must be null in \z\ > it /A. The po- 
tential in z thus corresponds to an infinite square-well of 
width 7r/2. The normalized solutions of the Schrodinger 
equation ([^0]) can be analytically obtained 



(y) — — r= sin(4r7, arctan(tanh — ) 



--sech 2/tanh 2/)). (26) 



where 61,62 are normalization constants. Solutions (1251) 
and (pS]) for the first values of the spectrum are shown in 
Figs. [5] and |3] respectively. 



2 2 

W{z) = -^ cos((4n + 2) z) + ^ sin(4n z). (24) 
VTT •v/tt 



Here, the mass spectrum is given by ?7i = 2{n + 1) where 
the parity of n is the parity of the associated solution. In 
the actual y space these solutions read 



26i 



""^ (y) — ~~F= cos((4n + 2)(arctan(tanh — ) 
^y^T 2 

1 




U{z) 




2 ^'^'^^ yt&nh y)) (25) pigm-e 2. First normalized symmetric solutions, Eq. ^, for 

c — 3: m — 2 (solid black line), m = 6 (dashed blue line), 

m = 10 (dot-dashed orange line). (Color figure online) 

0.6 - 




Figure 1. Potential ^{z) numerically computed for some 
values of the parameters: 7=1/2 (solid black line), 7 — 30/8 
(dashed red line), 7 — —1/2 (long-dashed blue line), and 70 = 
—3/2 (dot-dashed grey line), corresponding to critical Aq. Note 
the divergency at z — >■ ±7r/4. 



Figure 3. First normalized antisymmetric solutions, Eq. (|26p . 
for c = 3: m, = 4 (solid black line), m — 8 (dashed blue line), 
m = 12 (dot-dashed orange line). (Color figure online) 
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3.1.2 The 7=1/2, {c = 2) case 



Now, with c = 2 we get 




w"{x) -\- x^wix) = m w{x) 



(29) 



Figure 4. Symmetric solutions Eq. (|33p for c — 2: m — 
1.68159532 (solid black line), m = 5.66985735 (dashed blue 
line), m — 9.66824247 (dot-dashed orange line). (Color figure 
online) 




This is the equation of motion of a nonrelativistic quantum 
particle of energy m in a harmonic potential V{x) = x^ 
for —\/rn < x < ^fm iy{x) = oo for |a;| > ^pm and thus 
wix) = in this region). 

With x — ?> -^ , it reads as a standard parabolic cylinder 
differential equation 



zi;"(x) + (-^ + y)^(.T)=0 (30) 



with analytical even and odd solutions given by 



wi{x) = e /4 iFi(-- + -;-;y), 
w,{x)=xe--"/\F,{-'^ + --,l-'^), (31) 



P5] where iFi are confluent hypergeometric functions. 

The solution can also be written in terms of parabolic 
cylinder functions 



D,{x) 



2-/^0F 






1 (15 + Mv + 12^.2 + 8^.3) ^ + 0(a;S) 
8 d! 



Figure 5. Antisymmetric solutions Eq. (|33p for c = 2: 
m = 3.67229037 (solid black line), m = 7.668808762 (dashed 
blue line), m = 11.667894313 (dot-dashed orange line). (Color 
figure online) 



2^V^ 



X" 1 

sT ■ 4 

„7 



2^ - ^(1 + 2^^)^ + 7(7 + 41^ + 4z^')||- 



- i (27 + 58^/ + 121.2 ^ g^3) ^ ^ 0(^9) 
8 7! 



(32) 



as 



By means of the following transformation 
X ~ v^tanh(y) 
we can rewrite cq. p^ as 



w{x)^ Ai D,J^^{^/Qmx)+ A2 Dn^^{-V2mx), (33) 



C27) where Ai = A2 = A/^/2 for symmetric solutions and Ai ~ 
—A2 = v4 for the anti-symmetric ones. Here, x = x/v2m. 
For simplicity, the value of the normalization constant can 
w"{x) + {c- 2) w'{x) + (m - x'^)w{x) = 0. (28) be approximated by A ~ l/^((m - too)/2)!, where mg = 



8 
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1.556 for even solutions and mo — 1.581 for odd solutions. 
The mass eigenvalues can also be well approximated by 
m ~ 2?i + 5/3, with n e N, see Figs. S] and El 
In terms of y, solutions (155)) read 
A 



i«(i)(y) = ci—= Dm-i(V2m tanh(j/)) 
V2 



+Drr^{~V2^tanh{y)) (34) 




w^^>{y)=C2A D^-i(v2m tanhft/)) 

-D rn.-! (-V2^i tanh(y)) .(35) 

where ci,C2 are new normalization constants. See Figs. |5] 
and El 

Looking at eq. ipSl) . cases like 7 = 3 and 7 = 2 result 
in simple forms of 93(z(j/)) seemingly affordable. However 
these do not bring about exact solutions in the Schrodinger 
approach because such expressions cannot be analytically 
inverted in terms of z (see eal2T|) . 

4 The general solution 

In order to obtain the general solution to Eq. (TTSl) we 
perform the following transformation 



Figure 6. Symmetric solutions w^^'(y), Eq. (1341) . for c = 2: 
m = 1.68159532 (solid black line), m = 5.66985735 (dashed 
blue line), m = 9.66824247 (dot-dashed orange line). (Color 
figure online) 




z = tanh y. 



(36) 



Figure 7. Antisymmetric solutions w^^'{y), Eq. (|35|l . for c = 
2: m = 3.67229037 (solid black line), m = 7.668808762 (dashed 
blue line), m = 11.667894313 (dot-dashed orange line). (Color 
figure online) 



Now, Eq. (118)1 becomes 



w"{z) + {-^ + — —J- ] w'{z) 



m I 1 — z 



we get 



w{z) = (37) 



4 V ^ . 

W"{z)+(2ii^^-I^+^—^]W'{z). . , 

which has two Fuchsian points, at z = and 2 = 1, and \ ^ ^ ~ ^ / ^(^ ^ ^) 



1 



an irregular singularity, at z = oo. If we now define 

w(z) = e^'''W{z) (38) 



2 , M 



m 



z^U^-^ +M-m' + ^ + M1-S/2) + ^ 



/i TO 

2 ^ T" 



VF(z) = 0. (39) 
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By choosing fi ~ m/2 we thus obtain 
1/2 1-5/2 



W"(z) + [m+^ + 

' z z — 1 



W'{z) 



m (jn + l)(z — 1) + 2 — c 



W{z) =0. 



(40) 



4 z(z-l) 

We can verify that this is a particular case of the canonical 
non-symmetrical confluent Heun equation [23[|24| as given 
in [SaiMlIle] 

Hc"{z) +(a + ^-^ + ^) Hc'{z) + 
V z z-\ 



ziz^l) 



[S+-{P + l + n^^ + V 



+ f + ^(7-«)(/3 + l) 



Hc{z) ^ 0, 

whose solutions around z = Q are given by 

ij(i) = Hc{a,l3,-/,S,rj;z) 

ij(2) =z-^Hc{a,-/3,-f,5,r];z). 



(41) 

(42) 
(43) 



In the region of interest, z < 1, regular local solutions 
around z = are defined by the Heun series 



Hc{z) ^ y^ dn - 



(44) 



n=0 



where the constants d„ (with d^i ~ and do — 1) are 
determined by the three-term recurrence relation |27j 



-^irjtlrj. — -D?) tZ' 



n"n-l T- 0,iU,i_2 



OjiUjj 



with 



A„ 


= 




-^ 




i?„ 


= 


1 + -" 


f /3 + 7-1 






-t- 


7? + (a- 


-/3-7)/2- 


a/3/2 -H /37/2 






n2 






-> 


1 + "''- 


5/2 - 3/2 
n 






+ 


5/2+1/ 


2 - toV4 + 3m/4 






n2 




c„ 


= 




a(/3 + 7) 
2 


\ 

a(n- 1) 
/ 



(45) 



(46) 



-— r H \n- c~ - 



(47) 



(48) 




Figure 8. Symmetric solutions normalized, Eq. H49|l . for c = 
1; m = (dash-dotted black line), m — 1 (solid blue hne), 
m — 1.25 (long-dashed red hne), m, = 2 (dashed green line), 
and m = 10 (solid black line). 



1.5 - 


^ " 


1 - 
0.5 - 


/ ^.-— -— " 


A 


Ir-- 


8 -6 -4 -2y « 


"^ 2 4 6 8 


-oj - 




- -^ ' -1.5 - 





Figure 9. Asymmetric sohitions, Eq. ([50}, for c = 1; m = 
(dash-dotted black line), tti = 1 (solid blue line), m = 2 (long- 
dashed red line), m = 5 (dashed green line), and m = 10 (black 
line) . 



We can identify a = m, /3 = —1/2, 7 = — c/2, 5 = m2/4, 
and ?7 = c/8 + 1/4 — m2/4 by comparing Eqs. (Hn|) and 
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(PT|) . The solutions to Eq. (|18p are therefore given by 



■^ tanh^y 



w (y) = e 

/ 12 m^ 1 c TO^ 2 

-ff c 771, , , , — I ; tanh y 

V2'2'4'48 4' ^ 

w(2)(j;) ^e^^'^^h'^tanhy X 

1 c m^ 1 



_ff C TO 



cm' 2 

2'— '4 + 8^— =*^"^^ 



(49) 



(50) 



for arbitrary values of c, i.e. for any value of the dilaton 
coupling constant. 

The criterium to select the relevant solutions, i.e. con- 
tinuity and finiteness in the whole y space, indicates that 
for positive c the mass spectra are in fact continua and 
not just discrete as obtained in the previous section. In 
the quantum mechanics analog approach, the boundary 
conditions resulted too restrictive to allow for the whole 
spectrum of the original problem and quantization arose 
as a byproduct. However, it does not mean that the actual 
spectrum belongs to the continuum for every value of c. 
After a numerical survey, we observe that for all c < 
the mass spectra are discrete even in the full approach 
(see e.g. Table [1] where we show all the first values of to, 
for c = — 1; see also Fig. [TUl and [TT|) . For positive values, 
i.e. c G (0,6), on the other hand, arbitrary values of the 
mass allow nondivergent w{y) solutions. To illustrate this 
point, in Fig. |S] and [S] we have chosen a generic value of 
c to display the solutions for several arbitrary values of 
771. For the special cases of c studied in the previous Sec- 
tion the results coincide, as expected. However, with the 
important difference that on top of the previously found 
sequence the mass spectra now obtained fulfill it to the 
continuum, including zero. 




Figure 10. Symmetric solutions, Eq. (|49|l . for c — ~1 {"/ — 
2); m = (dash-dotted black line), m = 5.01256460 (solid 
blue line), m — 9.11222614 (long-dashed red line), and m = 
13.15839916 (dashed black line). 




Figure 11. Asymmetric solutions, Eq. H50|) . for c = — 1 
(7 = 2); m = 2.88880921142 (dash-dotted black line), m = 
7.074052696 (solid blue line), m = 11.138717717 (long-dashed 
red line), and m = 15.173713228 (solid black line). There is no 
massless mode in this set. 



4.1 The zero-mode of the Kalb-Ramond field 

As a consequence of the previous analysis, we conclude 
that the quantum analog Schrodinger -like problem re- 
turns just a discrete cut of the spectrum and is therefore 
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not fully appropriate to exhaustively solve the problem. In 
some cases, the zero-mode is not even manifest since eq. 
1201 with the appropriate boundary conditions at z = ±1, 
does not allow such a solution (see Sect. I3.1.2l and l3.1.1|) . 
A direct approach, on the other hand, allows an analytical 
m = solution to Eq. (fT7|) for any value of c : 



vjQ^y) = 61-1-62 / sedi'ydy. (51) 

After solving this integral the general zero-mode reads 



1 1 — c 3 

wo{y) =61+62 tanhy 2F1 [ -, — ^, ^ ' ^^^^^^ ) (^2) 



which is finite everywhere provided c is positive (see Figs. 
\T2\ and [T5|) . Gauss hypergeometric functions are defined 



as 2-^1 {a, b, c;x) = l 



a b X . a{a+l) b{b+l)x^ 



1! 



c{c+l) 2! 



+ ... .The 



constant solution waly) — 61 represents the symmetric 

Table 1. List of the first values of nis (symmetric solutions) 
and TUa (antisymmetric ones) for c = — 1 (7 = 2). 



nis 



0.0000000 
5.01256460 
9.11222614 
13.15839916 
17.18603686 
21.20478031 
25.21848382 
29.22902086 
33.23742273 
37.24430826 
41.25007349 



2.88880921 
7.07405270 
11.13871772 
15.17371323 
19.19621044 
23.21211936 
27.22407315 
31.23344577 
35.24102973 
39.24731247 







I 


^^ 








y^ 


-3 -2 -1 y^ 


1 2 3 






-2 


^ 



Figure 12. Some zero modes for c > (thinner to thicker): 
w^r^iy) = arcsin(tanhy); wo"'^{y) = tanhy; wo=^{y) = 
I [sechj/tanhy -I- arcsin(tanh2/)]; uio^*(3;) = |tanhy(3 — 
tanh^j/). A constant zero mode is present for any c. 
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Figure 13. Some zero-modes for £ < (thinner to 
thicker): Wo""^(y) = | sinhy(3 + sinh^j/); «;o="^(i/) = \{y ^ 
sinhj/coshy); w'^~^(%j) — sinhy; uio^''(y) = y. K constant zero- 
mode is present for any c. 

zero-mode (it is of course finite and continuous for arbi- 
trary c). 

Thus, for c > there are two independent zero-modes 
while for c < only the constant one. This was the result 
expected in the Schrodinger approach, where the ground- 
state must be symmetric. However, the associated bound- 
ary conditions precluded the zero-mode and the allowed 
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ground state emerged as a massive mode (see e.g. Figs. S] 
and [5]). Independently of the approach, the gain of mass 
of the ground state may suggest unobservable the exper- 
imental signature of this field or, in turn, give important 
information about the dilatonic coupling indicating the 
exact value of the parameters of the model as we discuss 
in what follows. 

5 Final discussion 

Although the completeness of the Schrodinger approach is 
restricted to a particular range of parameters, it is plenty 
useful to evaluate the low energy features of the system, 
especially for negative values of c. 

At very low energies we can compute the corresponding 
nonrelativistic effective potential to estimate the Kaluza- 
Klein contributions to the effective coupling to matter. 
Since the nonrelativistic potential, as given by the Green 
function of the equation of motion integrated along the 
source, depends on the square of the massive amplitudes at 
the origin, we must simply compare their relative weights 
to assess their contributions, see ^\. 

We can assume that the coupling with the brane takes 
place exactly on the 4D ordinary space-time, at y = 0. 
Since matter fields are constrained to the wall, it is pre- 
cisely there that the relevant physical effects should be 
more important. As shown in Table [21 the normalized 
square amplitudes of the KK modes are rapidly decreasing 
with mass. In addition, each contribution to the effective 
nonrelativistic 4D static potential presents an exponential 
factor of the Yukawa type which also depends on the mass 



of the mode, further quenching the higher mass eigenstates 
(see also 1 , ?] for a study of this issue in the case of the 
gravitational field) . 

Table 2. List of first mass eigenstate square amplitudes at the 
origin; c = —1. 



.(0) 




5.01256460 
9.11222614 
13.15839916 
17.18603686 
21.20478031 
25.21848382 
29.22902086 
33.23742273 
37.24430826 
41.25007349 



1.00000000000 
0.35558755410 
0.19248779813 
0.13482515859 
0.10488449142 
0.08640457375 
0.07379433274 
0.06461526991 
0.05761117479 
0.05208093848 
0.04759600275 



Thus, although KK excitations have nonvanishing mo- 
menta in the fifth direction interactions mediated by mas- 
sive modes will be strongly suppressed near the brane- 
world. 

Since the axion mass is expected to be very light but 
nonzero (10^^ < rn^[cY] < 0.01) [50] j this particle would 
be just faintly coupled to matter fields and therefore hardly 
detectable by direct means [3T1 . Although the experimen- 
tal issues, several important collaborations are currently 
searching for an axion signal |32j . 



H. R. Christiansen, M. S. Cunha: Kalb-Ramond excitations in a thick- brane scenario with dilaton 13 

In the present scenario, assuming that the axion is in- theoretical prediction of the product AM^/^. Recall that 

deed a physical realization of the KR field, the eventual the 5D Planck mass M depends Mp and b through eg ITT] 
advent of an experimental result for the axion mass would The study of the interaction of this field with the pho- 

suggest a value for the c parameter in our model. A way ton [33] by means of a mixed Maxwell-Kalb-Ramond la- 

to see this could be in principle accomplished by means of grangian would allow for an additional theoretical tool 

a detailed (and lengthy) inspection of a sufficiently large to bear the axion problem. If it is true that the Kalb- 

number of spectra for different values of c until one finds Ramond axion supplies the spacetime with torsion in its 

the eigenvalue that better fits the experimental mass. For nearness, a kind of primordial optical activity would be 

this, it would be necessary to fix the b parameter in first possible. Indeed, a non-Faraday rotation, independent of 

place. If the axion happened to be massless we could as- the wavelength and parameters of the source and inter- 

sociate a positive c. In this case, however, this prediction galactic medium, has already been predicted in 17 . An 

would be not very useful since we would not know ex- optical rotation of the plane of polarization of light coming 

actly which particular value of c between and 6 (remem- from distant sources [31] might then be observed in some 

ber that for every positive c there is a zero mode and no near future. A signal of this effect would provide evidence 

gap). As a matter of fact, this possibility is unlikely in of the existence of a primordial KR field and hence of a 

face of the current experimental expectancy of a light but likely component of cold dark matter in the universe. This 

nonzero mass axion. Indeed, assuming that a mass gap is being subject of further investigation, 
exists in the physical spectrum of this particle, our model 

would associate a negative c to the experimental mass, as —. r 
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